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Mark Strovink 
Professor 
Particle Experiment 
 
Mark Strovink, Ph.D. 1970 (Princeton). Joined UC Berkeley faculty in 1973 (Professor 
since 1980). Elected Fellow of the American Physical Society; served as program advisor 
for Fermilab (chair), SLAC (chair), Brookhaven, and the U.S. Department of Energy; 
served as D-Zero Physics Coordinator (1997 & 1998). 
 
Research Interests 

I am interested in experiments using elementary particles to test discrete 
symmetries, absolute predictions and other fundamental tenets of the Standard 
Model. Completed examples include early measurement of the parameters 
describing charge parity (CP) nonconservation in K meson decay; establishment 
of upper limits on the quark charge radius and early observation of the effects of 
gluon radiation in deep inelastic muon scattering; and establishment of stringent 
limits on right-handed charged currents both in muon decay and in proton-
antiproton collisions, the latter via the search for production of right-handed W 
bosons in the D-Zero experiment at Fermilab.  

After the discovery in 1995 by CDF and D-Zero of the top quark, we measured 
its mass with a combined 3% error, yielding (with other inputs) a stringent test of 
loop corrections to the Standard Model and an early hint that the Higgs boson is 
light.  If a Higgs-like signal is seen, we will need to measure the top quark mass 
more than an order of magnitude better in order to determine whether that 
signal arises from the SM Higgs.  

 
Current Projects 

A continuing objective is to understand better how to measure the top quark 
mass.  Top quarks are produced mostly in pairs; each decays primarily to b + W. 
The b�s appear as jets of hadrons. Each W decays to a pair of jets or to a lepton 
and neutrino. For top mass measurement the most important channels are those 
in which either one or both of the W�s decay into an electron or muon. For the 
single-lepton final states, we developed in 1994-96 and applied in 1997 a new 
technique that suppresses backgrounds (mostly from single W production) 
without biasing the apparent top mass spectra. For the dilepton final states, 
where backgrounds and systematic errors are lower but two final-state neutrinos 
are undetected rather than one, a likelihood vs. top mass must be calculated for 
each event. During 1993-96 we developed a new prescription for this calculation 
that averages over the (unmeasured) neutrino rapidities, and we used it in 1997 
to measure the top mass to ~7% accuracy in this more sparsely populated 
channel.  In both channels, further improvements to measurement technique as 
well as accumulation of larger samples will be necessary. 



 

 

While studying data from the 1992-1996 CDF and D-Zero samples that contain 
both an electron and a muon, we became aware of three events that cannot easily 
be attributed either to top quark decay or to backgrounds.  Generally this is 
because the transverse momenta of the leptons (electrons, muons, and neutrinos 
as inferred from transverse momentum imbalance) are unexpectedly large.  We 
anticipate confirming data e.g. from the D-Zero run that began in 2001. 

Transverse momentum imbalance is a broad signature for new physics.  For 
example, in many supersymmetric models, R-parity conservation requires every 
superparticle to decay eventually to a lightest superparticle that, like the 
neutrino, can be observed only by measuring a transverse momentum imbalance. 
Reliable detection of this signature is one of the severest challenges for collider 
detectors. D-Zero�s uniform and highly segmented uranium/liquid argon 
calorimeter yields the best performance achieved so far.  Building on that, we 
have developed a new approach to analysis of transverse momentum imbalance 
that, for a given efficiency, yields up to five times fewer false positives.  

Recently we have grappled with the long-standing problem of searching with 
statistical rigor for new physics in samples that should be describable by 
Standard Model processes � when the signatures for new physics are not strictly 
predefined.  We have identified plausible methods for performing this type of 
analysis, and have exercised them on D-Zero data, but the methods involve 
sacrifices in sensitivity that we are still working to mitigate. 
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GENERAL INFORMATION  (13 Feb 01) 

 
 
Web site for this course: http://d0lbln.lbl.gov/110bs01-web.htm .
 
Instructors:  Prof. Mark Strovink, 437 LeConte; (LBL) 486-7087; (home, before 10) 486-8079; (UC) 642-
9685.  Email:  strovink@lbl.gov .  Web:  http://d0lbln.lbl.gov .  Office hours:  M 3:15-
4:15, 5:30-6:30.   
Mr. Gesualdo Riday, 279 LeConte, (UC) 642-5647.  Email: gesualdo_riday@yahoo.com .  Office 
hours (in 279 LeConte):  W 3-4, Th 2-3. 
 
Lectures:  MWF 10:10-11:00 in 343 LeConte, and Tu 5:10-6:30 in 308 LeConte.  The Tu 5:10-6:30 slot will 
be used occasionally during the semester for the midterm exam; for reviews and special lectures; and for 
lectures that substitute for those which would normally be delivered on F 10:10-11:00.  Lecture attendance is 
strongly encouraged, since the course content is not exactly the same as that of the texts. 
 
Discussion Sections:  Tentatively M 1:10-2 in 331 LeConte, and W 5:10-6 in 5 Evans.  Begin in second week.   
Taught by Mr. Riday.  You are especially encouraged to attend discussion section regularly.  There you will 
learn techniques of problem solving, with particular application to the assigned exercises. 
 
Texts:  
• =Griffiths, Introduction to Electrodyamics (3rd ed., Prentice-Hall, 1999, required).  Probably you already 
bought this book for 110A.  If not, get the fourth (or later) printing, which has fewer typos.  Most of you have 
already formed an opinion about this text, which I feel is well written and pedagogically effective, though its 
scope is modest and its problems are sometimes not very physical. 
• =Pedrotti & Pedrotti, Introduction to Optics (2nd ed., Prentice-Hall, 1993, required).  There is no uniform 
choice of optics text for this course.  Hecht, Optics; Fowles, Introduction to Modern Optics; and, for a 
heavy-duty treatment, Klein & Furtak, Optics all have been used in various incarnations of 110B. 
• =If you are planning to attend physics graduate school, it would be smart now to purchase Jackson, Classical 
Electrodynamics (3rd ed., Wiley).  Optionally, it can be useful in this course. 
• =Optionally, Taylor & Wheeler, Spacetime Physics (Freeman, 1966, paperback) can be useful for the portion 
of this course that is devoted to special relativity. 
   
Problem Sets:  A required and most important part of the course.  Twelve problem sets are assigned and 
graded.  Problem sets are due on Thursdays at 5 PM, beginning in week 2.  Deposit problem sets in the box 
labeled  “110B Section 1 (Strovink)” in the second floor breezeway between LeConte and Birge Halls.  You are 
encouraged to attempt all of the problems.  Students who do not do so find it almost impossible to learn the 
material and to succeed on the examinations.  Late papers will not be graded.  Your lowest problem set score 
will be dropped, in lieu of due date extensions for any reason.  You are encouraged to discuss problems with 
others in the course, but you must write up your homework by yourself.  (In a small class it is straightforward to 
identify solutions that are written collectively; our policy is to divide the score among the collectivists.) 
 
Exams:  There will be one 80-minute midterm examination and one 3-hour final examination.  Before 
confirming your enrollment in this class, please check that its final Exam Group 6 does not conflict with the 
Exam Group for any other class in which you are enrolled.  Please verify now that you will be available for the 
midterm examination on Tu 20 Mar, 5:10-6:30 PM; and for the final examination on M 14 May, 8-11 AM.  
Except for unforeseeable emergencies, it will not be possible for the midterm or the final exam to be 
rescheduled.  Passing 110B requires passing the final exam. 
 
Grading:  25% problem sets, 25% midterm, 50% final exam.  Departmental regulations call for an A:B:C 
distribution in the ratio 2:3:2, with approximately 10-15% D’s or F’s.  However, the fraction of D’s or F’s 
depends on you; no minimum number need be given. 



 COURSE OUTLINE
Week Week Topic Griffiths Pedrotti Problem Due at
No. of.. Set No. 5 PM on..

1 15-Jan MARTIN LUTHER KING HOLIDAY
17-Jan FIRST LECTURE (review EM waves) 9.1-9.3

EM waves in conductors; mirrors 9.4
2 22-Jan Driven oscillator model for n(ω) 9.4

Waveguides 9.5
Lumped-element circuits 1 25-Jan

3 29-Jan Alternating-current networks
Scalar and vector potentials 10.1
Lorentz and Coulomb gauge 10.1 2 1-Feb

4 5-Feb Retarded potentials 10.2
Liénard-Wiechert potentials 10.3
Fields of a moving point charge 10.3 3 8-Feb

5 12-Feb Special relativity 12
Special relativity 12
Special relativity 12 4 15-Feb

6 19-Feb PRESIDENTS' HOLIDAY
Special relativity 12
Special relativity 12 5 22-Feb

7 26-Feb Special relativity 12
Special relativity 12
Special relativity 12 6 1-Mar

8 5-Mar Multipole radiation 11.1
Multipole radiation 11.1
Radiation by a point charge 11.2 7 8-Mar

9 12-Mar Radiation by a point charge 11.2
Bremsstrahlung and synchrotron radiation 11.2
Cherenkov and transition radiation

10 19-Mar Matrix analysis of polarization 14
20-Mar 80-min Midterm Exam, Tu 5:10-6:30 PM

Matrix analysis of polarization 14
Interference and coherence 10,12

26-Mar SPRING RECESS

11 2-Apr Interference and coherence 10,12
Interference and coherence 10,12
Multiple reflections 11,19 8 5-Apr

12 9-Apr Multiple reflections 11,19
Fraunhofer diffraction 16
Fraunhofer diffraction 16 9 12-Apr

13 16-Apr Diffraction grating 17
Fourier optics 25
Fourier optics 25 10 19-Apr

14 23-Apr Fresnel diffraction 18
Holograms 13
Holograms 13 11 26-Apr

15 30-Apr Lasers 21,22
Lasers 21,22
Lasers 21,22 12 3-May

16 7-May LAST LECTURE (review)

11-May Final examinations begin
17 14-May 180-minute Final Exam, M 8-11 AM

19-May Final examinations end
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Problem Set 1

1. Griffiths 9.11.

2. Griffiths 9.18.

3. Griffiths 9.19.

4. Griffiths 9.20.

5. At the rate of 1 card/sec, psychic Uri Geller
(http://skepdic.com/geller.html) turns over
each card in a deck. He communicates by “para-
normal” means the identity of each card to his
assistant, from whom he is shielded with respect
to sound and visible light.

As a physicist, you consider all EM waves to be
normal. To test the notion that Uri’s talents defy
the laws of physics, you resolve to design a shield
that will prevent Uri from using any relevant EM
frequency to communicate with his assistant.
(a) Roughly what minimum EM frequency must
Uri use? (Hint: Consider that a 56 kbps modem
operates over audio telephone frequencies.)
(b) Design a spherical shell, enclosing a volume
of 1 m3 for Uri’s comfort, that will attenuate
the EM waves generated by Uri’s brain to ≈
1/400 ≈ e−6 of their original amplitude. Use the
minimum EM frequency that you calculated in
(a).
(c) How much does your shield weigh? (Try to
design the lightest shield that will do the job.
Does it help to use a ferromagnetic material?)

6. An electromagnetic cavity can be considered
to be just another resonant oscillator, with a
quality factor Q equal to the ratio of the energy
stored to the energy dissipated during the time
interval ∆t = 1/ω0. Consider a cubical box of
side d whose inner surfaces are plated with an
adequate thickness of silver, which is an excel-
lent conductor. This cavity has a fundamental
resonant angular frequency equal to

ω0 =
c

d
× π

√
2 ,

where the first factor can be identified from
purely dimensional arguments, and the second
factor, a function of the cavity’s geometry, is of
order unity. Apart from a different geometrical
factor of order unity, the Q of this cavity turns
out to be of order

Q ≈ V

Aκ−1
,

where V is the cavity’s volume, A is its inside
surface area, and κ−1 is the skin depth. Thus,
Q is of the same order as the ratio of the cav-
ity’s volume to its “skin depth volume”.
(a) Taking d = 10 cm, what Q can be achieved?
(b) If the cavity is kept at the same size, would
it help to operate it at one of its higher fre-
quency modes?
(c) If the cavity is always operated at its fun-
damental frequency, would it help to build it
bigger?

7. Show that the results in Griffiths Eq. (9.147)
are equivalent to the familiar formulæ

R =
Z2 − Z1

Z2 + Z1

T =
2Z2

Z2 + Z1
, where

Z ≡ Ẽ0

H̃0

,

R ≡ Ẽ0R

Ẽ0I

, and

T ≡ Ẽ0T

Ẽ0I

,

and where Z is the characteristic impedance of
the medium, R is the amplitude reflection co-
efficient, and T is the amplitude transmission
coefficient.



8. Consider a dilute material with ε = ε0 and
µ = µ0, but with slight conductivity σ = βε0ω,
where β � 1 is a constant. EM radiation of
angular frequency ω is normally incident from
vacuum upon this material.
(a) Relative to the incident field, show that the
reflected electric field has a magnitude of β/4
and a phase shift of 90◦.
(b) Show that the transmitted wave is attenu-
ated with a skin depth equal to λ0/2π divided
by β, where λ0 is the vacuum wavelength, and
that its H lags E by a phase shift equal to β/2.
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Problem Set 2

1. Griffiths 9.21.

2. Griffiths 9.22.

3. Griffiths 9.23.

4. Griffiths 9.24.

5. Griffiths 9.38. Consider the TE modes only.

6. Griffiths 9.31 part (b) only.

7. Show that the characteristic impedance
Z0 ≡ ∆V/I of the coaxial cable in the previ-
ous problem is

Z0 =
1

2π

√
µ

ε
ln

b

a

and that this result is equivalent to

Z0 =

√
L′

C ′

where L′ and C ′ are the cable’s inductance and
capacitance per unit length, respectively.

8. In the circuit (a), an impedance Z0 is to be connected to the terminals on the right.
(a) For given frequency ω, find the value that Z0 must have if the resulting impedance between the
left terminals is also to be Z0. You should find that the required Z0 is a (frequency-dependent) pure
resistance R provided that ω2 < 2/LC.

(b) A chain of such boxes can be connected together to form a so-called ladder network. If the
chain is terminated with a resistor of the correct (frequency-dependent) value R, show that its input
impedance at frequency ω <

√
2/LC will continue to be R, regardless of the number of boxes that

are added to the chain. (This type of ladder circuit is called a lumped-element delay line. In the
low-frequency limit, the delay line’s characteristic impedance reduces to

Z0 →
√

L′

C ′ ,

where L′ ∝ 2L is the inductance per unit length, and C ′ ∝ C is the capacitance per unit length.)
(c) What is Z0 in the special case ω =

√
2/LC? (You may find it helpful to note that the contents

of the box (a) are equivalent to those of the box (b).)
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Problem Set 3

1. Griffiths 10.3.

2. Griffiths 10.5.

3. Griffiths 10.7.

4. Griffiths 10.10.

5. Griffiths 10.13.

6. Griffiths 10.14.

7. Griffiths 10.20.

8. Consider two electrons each traveling with
constant velocity βcẑ in the ẑ direction, sepa-
rated by a distance x̂b perpendicular to the ẑ
direction.
(a) Working in the electrons’ mutual rest (∗)
frame, find the force F ∗

x with which one electron
repels the other.
(b) Using the fact that ∆p∗x = ∆px is a Lorentz
invariant, but ∆t∗ =

√
1− β2∆t is not, find the

force Fx of repulsion between the two electrons
as evaluated in the lab frame.
(c) As an alternative to the approach (a)+(b),
work directly in the lab frame. Using Griffiths
Eqs. (10.65-10.66), evaluate the electromagnetic
fields created by one electron at the position of
the other. Use these fields to evaluate the force
of mutual repulsion, and compare your answer
to (b).
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Problem Set 4

1. Griffiths 12.6.

2. Griffiths 12.18.

3. Griffiths 12.19.

4. Griffiths 12.20.

5. Griffiths 12.32.

6. Inertial reference frames S ′ and S coincide
at t′ = t = 0. You may ignore the z dimension,
so that a point in spacetime is determined by
only three quantities r ≡ (ct, x, y). The Lorentz
transformation between S and S ′ is given by




ct′

x′

y′


 = L




ct
x
y


 ,

where L is a 3×3 matrix.
(a) Assume for this part that S ′ moves with
velocity

V = βcx̂

with respect to S. Using your knowledge of
Lorentz transformations (no derivation neces-
sary), write L for this case.
(b) Assume for this part that S ′ moves with
velocity

V = βc
x̂ + ŷ√

2

with respect to S. Find L for this case. (Hint.
Rotate to a system in which V is along the x̂
axis, transform using your answer for part (a.),
and then rotate back. Check that your result is
symmetric under interchange of x and y, as is V,
and that it reduces to the unit matrix as β → 0.)

7. The now retired Bevatron at Berkeley
Lab is famous for having produced the first
observed antiprotons (you may have glimpsed
white-maned Nobelist Owen Chamberlain, one
of the first observers, being helped to his seat at

Physics Department colloquia). An economical
reaction for producing antiprotons is

p + p → p + p + p + p̄ ,

where the first proton is part of a beam, the
second is at rest in a target, and p̄ is an antipro-
ton. Because of the CPT theorem, both p and
p̄ must have the same mass (= 0.94× 109 eV).

At threshold, all four final state particles have es-
sentially zero velocity with respect to each other.
What is the beam energy in that case? (The
actual Bevatron beam energy was 6× 109 eV).

8. (Taylor and Wheeler problem 51)
The clock paradox, version 3.
Can one go to a point 7000 light years away –
and return – without aging more than 40 years?
“Yes” is the conclusion reached by an engineer
on the staff of a large aviation firm in a recent
report. In his analysis the traveler experiences
a constant “1 g” acceleration (or deceleration,
depending on the stage reached in her journey).
Assuming this limitation, is the engineer right in
his conclusion? (For simplicity, limit attention
to the first phase of the motion, during which
the astronaut accelerates for 10 years – then
double the distance covered in that time to find
how far it is to the most remote point reached
in the course of the journey.)
(a)
The acceleration is not g = 9.8 meters per sec-
ond per second relative to the laboratory frame.
If it were, how many times faster than light
would the spaceship be moving at the end of
ten years (1 year = 31.6 × 106 seconds)? If the
acceleration is not specified with respect to the
laboratory, then with respect to what is it spec-
ified? Discussion: Look at the bathroom scales
on which one is standing! The rocket jet is al-
ways turned up to the point where these scales
read one’s correct weight. Under these condi-
tions one is being accelerated at 9.8 meters per
second per second with respect to a spaceship



that (1) instantaneously happens to be riding
alongside with identical velocity, but (2) is not
being accelerated, and, therefore (3) provides
the (momentary) inertial frame of reference rel-
ative to which the acceleration is g.
(b)
How much velocity does the spaceship have after
a given time? This is the moment to object to the
question and to rephrase it. Velocity βc is not
the simple quantity to analyze. The simple quan-
tity is the boost parameter η. This parameter is
simple because it is additive in this sense: Let the
boost parameter of the spaceship with respect to
the imaginary instantaneously comoving inertial
frame change from 0 to dη in an astronaut time
dτ . Then the boost parameter of the spaceship
with respect to the laboratory frame changes in
the same astronaut time from its initial value η
to the subsequent value η+dη. Now relate dη to
the acceleration g in the instantaneously comov-
ing inertial frame. In this frame g dτ = c dβ =
c d(tanh η) = (c/ cosh2 (η ≈ 0)) dη ≈ c dη so that

c dη = g dτ

Each lapse of time dτ on the astronaut’s watch is
accompanied by an additional increase dη = g

c dτ
in the boost parameter of the spaceship. In
the laboratory frame the total boost parame-
ter of the spaceship is simply the sum of these
additional increases in the boost parameter. As-
sume that the spaceship starts from rest. Then
its boost parameter will increase linearly with
astronaut time according to the equation

cη = gτ

This expression gives the boost parameter η of
the spaceship in the laboratory frame at any
time τ in the astronaut’s frame.
(c)
What laboratory distance x does the spaceship
cover in a given astronaut time τ? At any
instant the velocity of the spaceship in the lab-
oratory frame is related to its boost parameter
by the equation dx/dt = c tanh η so that the
distance dx covered in laboratory time dt is

dx = c tanh η dt

Remember that the time between ticks of the
astronaut’s watch dτ appear to have the larger
value dt in the laboratory frame (time dilation)
given by the expression

dt = cosh η dτ

Hence the laboratory distance dx covered in as-
tronaut time dτ is

dx = c tanh η cosh η dτ = c sinh η dτ

Use the expression cη = gτ from part b to obtain

dx = c sinh
(gτ

c

)
dτ

Sum (integrate) all these small displacements dx
from zero astronaut time to a final astronaut
time to find

x =
c2

g

[
cosh

(gτ

c

)
− 1

]

This expression gives the laboratory distance x
covered by the spaceship at any time τ in the
astronaut’s frame.
(d)
Plugging in the appropriate numerical values,
determine whether the engineer is correct in his
conclusion reported at the beginning of this ex-
ercise.
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Problem Set 5

1. A particle with γβ = 4/3 decays into two
massless particles with the same energy each.
(a) If the parent particle has mean proper life τ ,
calculate its mean flight path x before decay.
(b) Calculate the opening angle ψ between the
two daughter particles.

2. Here’s an adult version of Griffiths 12.35. In
a pair annihilation experiment, a positron (mass
m) with total energy E = γmc2 hits an electron
(same mass, but opposite charge) at rest. (Grif-
fiths has it the other way around, but that’s un-
realistic – it’s easy to make a positron beam, but
hard to make a positron target.) The two parti-
cles annihilate, producing two photons. (If only
one photon were produced, energy-momentum
conservation would force it to be a massive par-
ticle travelling at a velocity less than c.) If one
of the photons emerges at angle θ relative to the
incident positron direction, show that its energy
E′ is given by

mc2

E′ = 1−
√

γ − 1
γ + 1

cos θ .

(In particular, if the photon emerges perpendic-
ular to the beam, its energy is equal to mc2,
independent of the beam energy. Similar results
have been used to design clever experiments.)
[Hint: Griffiths 12.35 uses “convenient” values
for γ and θ, but his solution to this problem
is nevertheless full of messy algebra. Instead,
as in class, write a four-vector equation express-
ing energy-momentum conservation, take the dot
product of either side with itself, and get a con-
cise result in a few lines.]

3. Griffiths 12.44.

4. Griffiths 12.45.

5. Griffiths 12.46.

6. A particle travelling with velocity βcx̂ has a
property represented by the contravariant four-

vector hµ. It is known that pµhµ = 0, where
pµ is the particle’s covariant four-momentum,
where, by convention, repeated Greek indices
are summed from 0 to 3. Write the components
of hµ in the laboratory as a function of those
components in the particle’s rest frame which
are nonzero.

7. The metric tensor gµν is defined by

hµ ≡ gµνhν ,

where hµ and hµ are the contravariant and co-
variant versions of the four-vector h, whose in-
variant length2 is equal to hµhµ.
(a) Write out the elements of gµν (in flat space-
time, to which special relativity is pertinent).
(b) A contravariant four-tensor Tµν is trans-
formed to its covariant version Tµν by two metric
tensor multiplications:

Tµν ≡ gµαTαβgβν .

Show that
gµν = gµν .

(c) Show that

gµαgαν = δν
µ ,

where the 4-dimensional Kronecker delta func-
tion satisfies δν

µ = 0 for µ �= ν and δµ
µ = 1 for

0 ≤ µ ≤ 3.

8. Consider the antisymmetric contravariant
tensor Hµν . Write out its covariant version Hµν

in matrix form, expressing each element of Hµν

in terms of the elements of Hµν .
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Problem Set 6

1. Relativistic transformation of a particle’s po-
lar angle. Consider the usual Lorentz frames
S and S ′, with spatial origins coincident at
t = t′ = 0. As usual, frame S ′ moves in the x̂
or x̂′ direction with velocity βc with respect to
frame S. A particle is emitted by a radioactive
source that is at rest with respect to S ′. As seen
by an observer in S ′, the particle travels with
velocity β′c at an angle θ′ with respect to the
x̂′ direction. However, as seen by an observer
who is at rest with respect to the frame S, prove
that the particle makes a different angle θ with
respect to the x̂ direction, where

tan θ =
sin θ′

γ
(
cos θ′ + (β/β′)

) .

2. and 3. (double credit problem)
Violation of time-reversal invariance was discov-
ered in 1964 in the weak decay

K0
L → π+π− ,

where the K0
L and π± are quark-antiquark pairs

(including a strange quark in the K0
L case); a

kaon has ≈ 7
2 of a pion’s mass. In its own

rest frame, the (spin 0) kaon decays isotropi-
cally. Suppose that the kaons compose a finite
beam whose momentum per particle is 2mKc (≈
1 GeV/c). With respect to the beam direction,
find the laboratory angle θ at which the flux of
decay pions per unit solid angle, dN/dΩdt, is
infinite. [Hint: the answer is not θ = 90◦.]

4. Define the contravariant four-vectors

Aµ ≡ {V/c,A}
Jµ ≡ {cρ,J}
pµ ≡ {E/c,p}
kµ ≡ {ω/c,k}
∂µ ≡ {∂/c∂t,−∇} .

Use the convention that repeated Greek indices
are summed from 0 to 3. Employing primar-
ily contravariant four-vectors, but making use of

covariant four-vectors where appropriate, write
a manifestly Lorentz invariant equation that is
equivalent to
(a) the generalized de Broglie relation.
(b) conservation of electric charge.
(c) the Lorentz gauge condition.
(d) the wave equation, including sources, for the
electromagnetic potentials in Lorentz gauge.

5. An object aµ is a (contravariant) four-vector
if it transforms (between frames as defined in
Problem 1) according to

a′µ = Λµ
νaν ,

where Λ is the (symmetric) 4× 4 Lorentz trans-
formation matrix. (Conventionally, the super-
script labels the row and the subscript labels the
column, but this makes no difference for a sym-
metric matrix.) Covariant four-vectors instead
transform according to

a′
µ = (Λ−1)νµaν

(otherwise the scalar product aµaµ = a′
µa′µ

would not remain invariant for different Lorentz
frames). Consider now an (arbitrary) four-tensor
Hµν . In frame S, Hµν contracts with covariant
four-vector aν to yield contravariant four-vector
bµ, according to

bµ = Hµνaν .

In the frame S ′, requiring Hµν to satisfy the
transformation properties of a four-tensor, we
define H ′µν so that

b′µ = H ′µνa′
ν .

Prove that

H ′µν = Λµ
ρHρσΛν

σ .

This defines the Lorentz transformation property
of a four-tensor.



6. Consider the antisymmetric electromagnetic
field strength tensor

Fµν ≡ ∂µAν − ∂νAµ .

Prove that Fµν is a four-tensor, i.e. it transforms
according to the results of Problem 5.

7. Using the definitions of ∂µ and Aµ, show by
explicit calculation, element by element, that the
covariant electromagnetic field strength tensor is
equal to

F =




0 −E1/c −E2/c −E3/c
E1/c 0 −B3 B2

E2/c B3 0 −B1

E3/c −B2 B1 0


 .

(The sign of this result is opposite to that of
Griffiths; this is expected from his use of a met-
ric tensor with sign opposite to the standard.)

8. Prove that the equation

∂µFµν = µ0J
ν

is equivalent (in vacuum) to the two Maxwell
equations which involve sources. (The two
source-free Maxwell equations are already re-
quired to be true by the definition of Aµ.)
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Problem Set 7

1. Starting from the elements of Fµν as given in
PS 6 Problem 7, apply the metric tensor (twice)
to find the elements of Fµν .

2. Define the contravariant field-strength ten-
sor F and the contravariant dual field-strength
tensor F by

Fµν ≡ ∂µAν − ∂νAµ

Fµν ≡ 1
2εµνρσFρσ ,

where εµνρσ = 1 for µνρσ = 0123 or any permu-
tation of 0123 that is achieved by an even number
of interchanges of adjacent indices; εµνρσ = −1
for µνρσ = 1023 or any other permutation of
0123 that is achieved by an odd number of in-
terchanges of adjacent indices; and εµνρσ = 0
otherwise. By explicit calculation, show that the
elements of Fµν can be obtained from those of
Fµν by changing E into cB and cB into −E.

3. By explicit evaluation, show that FµνFµν is
proportional to E · B, and find the constant of
proportionality. (Because FµνFµν is obviously a
Lorentz scalar, the Lorentz invariance of E ·B is
therefore said to be manifest.)

4. The two source-free Maxwell equations
are equivalent to the single manifestly Lorentz-
invariant equation

∂µFµν = 0 .

Without making any reference to Maxwell’s
equations, using only formal manipulation, show
that F has this property (i.e. its four-divergence
vanishes). [Hint: Write Fµν in terms of εµνρσ

and Fρσ. Then write Fρσ in terms of ∂ρ,σ and
Aρ,σ. Finally, make use (twice) of the behavior
of εµνρσ under interchange of adjacent indices.]

5. Is it possible to have an electromagnetic field
that appears as a purely electric field in one in-
ertial frame and a purely magnetic field in the

other? What criteria must (uniform nonzero)
E and B satisfy such that there exists an iner-
tial frame in which the electromagnetic field is
purely magnetic?

6. An infinitely long straight wire of negligi-
ble cross-sectional area moves in the x̂ direction
(parallel to its length) with speed βc relative
to the lab. As observed in its rest frame, the
wire carries a uniform linear charge density λ
Coulombs/meter; in that frame, those charges
are at rest. In the lab, write the elements of the
field strength tensor at the point (0, y, 0).

7. Consider a relativistic particle of mass m
and charge e that accelerates in a uniform, static
electric field with magnitude E (there is no mag-
netic field). At t = 0 the particle is at rest.
Solve for η(t > 0), where η ≡ tanh−1 (β) is the
particle’s boost parameter or “rapidity”.

8. Consider a relativistic particle of mass m and
charge e that is in helical motion under the influ-
ence of a constant magnetic field of magnitude B
(there is no electric field). Its momentum com-
ponent in the direction of the magnetic field is
p0. Show that the cyclotron angular frequency
of this particle is

Ω =
eB

γ⊥meff
,

where
γ⊥ ≡ 1√

1− β2
⊥

meff ≡
√

m2 + p2
0/c2 ,

and cβ⊥ is the component of the particle’s veloc-
ity that is perpendicular to the magnetic field.
(That is, the transverse motion of a particle that
moves in a helix is the same as that of a heavier
particle that moves purely in a circle.)
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Problem Set 8

1. Griffiths 11.3.

2. Griffiths 11.4. You need calculate only the
time average Poynting vector, intensity, and
total power radiated (this is much simpler than
computing the full time-dependent expressions).

3. Griffiths 11.9.

4. Griffiths 11.13.

5. Griffiths 11.16. You need calculate only
dP/dΩ, not P (thereby avoiding a messy inte-
gral).

6. Griffiths 11.17 (a) and (b) only.

7. Griffiths 11.25.

8. Griffiths 11.31.
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Problem Set 9

1. A general Jones vector describing a fully co-
herent electromagnetic wave with a nonzero x
polarized component can be written as

1√
1 + b2

(
1

beiδ

)
,

where b is real.
(a). Show that this represents elliptically polar-
ized light in which the major axis of the ellipse
makes an angle

1
2 arctan

(2b cos δ

1− b2

)

with the x axis.
(b). How can you tell whether the light is right-
hand or left-hand elliptically polarized?
(c). Show that elliptically polarized light can be
written as a sum of linearly and circularly polar-
ized light. What is the relationship between the
major axis of the ellipse and the axis along which
its linearly polarized component is polarized?

2. Pedrotti×2 14-5. (In their notation, x is hor-
izontal and y is vertical. You can easily do the
problem without their hint, which seems not to
be of much help.)

3. Pedrotti×2 14-12. (“OA” signifies “slow
axis”, and “TA” signifies “transmission axis”.
They have in mind the reflection that occurs
when, after passing through the isolator, the
light enters a material with real refractive index
n > 1.)

4. Pedrotti×2 14-22.

5. Calculate the interference pattern that would
be obtained if four identical slits instead of two
were used in Young’s experiment. (Assume equal
spacing of the slits). Make a rough plot.

6. Pedrotti×2 12-11.

7. Pedrotti×2 12-13.

8. Pedrotti×2 12-14.
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Problem Set 10

1. Pedrotti×2 11-12.

2. Pedrotti×2 19-9.

3. Pedrotti×2 19-11.

4. Pedrotti×2 16-7.

5. Pedrotti×2 16-13.

6. Pedrotti×2 16-22.

7. Pedrotti×2 16-25.

8. Pedrotti×2 17-8.
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Problem Set 11

1. Pedrotti×2 25-2.

2. Pedrotti×2 25-5.

3. Pedrotti×2 25-6.

4. Pedrotti×2 25-7.

5. Pedrotti×2 18-5.

6. Pedrotti×2 18-11.

7. Pedrotti×2 18-17.

8. Pedrotti×2 18-21.
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Problem Set 12

1. A simple hologram is made as follows: The
object is a single narrow white strip located a
distance z from the recording plate. The plate
is illuminated at normal incidence by a refer-
ence laser beam of wavelength λ, which also
illuminates the strip. Show that the resulting
pattern on the hologram is a one-dimensional
grating with a variable spacing s in the y direc-
tion, where y lies in the plane of the plate and
is perpendicular to the strip. Give the numeri-
cal values of s for z = 10 cm and λ = 633 nm,
for various values of y: 0, 1, 2, and 4 cm.

2. Referring to the previous problem, show in
detail how, if the hologram is illuminated by the
reference laser in the same way, two diffracted
beams will emerge: one producing a real image
of the strip, the other producing a virtual im-
age. The second beam appears to diverge from
a line corresponding to the original object, while
the first converges toward a real image located
symmetrically at −z on the opposite side of the
plate. Find the actual angles of diffraction for
the various values of y given in the previous
problem. Will there be second-order (or even
higher-order) diffracted beams?

3. Pedrotti×2 13-1.

4. Pedrotti×2 13-12.

5. Pedrotti×2 22-1.

6. Pedrotti×2 22-11.

7. Pedrotti×2 22-15.

8. Pedrotti×2 22-17.
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MIDTERM EXAMINATION

Directions. Do all three problems, which have unequal weight. This is a closed-book closed-note
exam except for one 81

2 × 11 inch sheet containing any information you wish on both sides. Cal-
culators are not needed; where numerical results are requested, 30% accuracy is sufficient. Use a
bluebook. Do not use scratch paper – otherwise you risk losing part credit. Cross out rather than
erase any work that you wish the grader to ignore. Justify what you do. Express your answer in
terms of the quantities specified in the problem. Box or circle your answer.

Problem 1. (35 points) A coaxial transmission
line consists of two perfectly conducting circu-
lar cylindrical thin-walled tubes of radii a and b,
respectively, both centered on the ẑ axis. The
region a < r < b is evacuated. Consider propaga-
tion of electromagnetic waves in the TEM mode
(Ez = Bz = 0) within the vacuum region. Take

E(r, t) = �(Ẽ(r, φ)ei(kz−ωt))

B(r, t) = �(B̃(r, φ)ei(kz−ωt)) ,

where k = ω/c. Then, in the vacuum region,
Maxwell’s equations reduce to

∇t · Ẽ = ∇t × Ẽ = 0 ,

and
cB̃ = ẑ× Ẽ ,

where
∇t ≡ ∇− ẑ

∂

∂z
.

(a) (5 points) Show that Ẽ can be written as

Ẽ(r, φ) = −∇tΦ̃(r, φ)

where
∇2

t Φ̃ = 0 .

(If you don’t manage to show this, you may nev-
ertheless assume this result in the later parts.)

(b) (15 points) Assume that Φ̃ = Φ0 on the
outer cylinder, and Φ̃ = 0 on the inner cylinder,
where Φ0 is a real constant. Calculate the phys-
ical (real) fields E(r, t) and B(r, t) in the gap
between the cylinders, in terms of Φ0.

(c) (15 points) Find Z0, the characteristic
impedance of this transmission line. Z0 may
be defined as the ratio of Φ0 to the maximum
total current flowing on either cylindrical sur-
face. Assume that this current is distributed
uniformly in φ. Evaluate Z0 in ohms for the case
b/a = 2.71828.

Problem 2. (30 points) Event A happens at
spacetime point (ct, x, y, z) = (2, 0, 0, 0); event B
occurs at (0,1,1,1), both in an inertial system S.

(a) (10 points) Is there an inertial system S′ in
which events A and B occur at the same spatial
coordinates? If so, find c|t′A − t′B |, c times the
magnitude of the time interval in S′ between the
two events.

(b) (10 points) Is there an inertial system S′′ in
which events A and B occur simultaneously? If
so, find |r′′A − r′′B |, the distance in S′′ between
the two events.

(c) (10 points) Can event A be the cause of
event B, or vice versa? Explain.



Problem 3. (35 points) A point charge e trav-
elling on the x axis has position

r(t) = +x̂
ct

2
(t < 0)

= −x̂ct

2
(t > 0) .

That is, the charge reverses direction instanta-
neously at t = 0, while it is at the origin. The
fields that the charge produces are viewed by an
observer at (x, y, z) = (0, 1, 0) m.

(a) (20 points) What magnetic field B does the
observer see at t = 0?

(b) (15 points) At time t such that ct = 1 m,
what is the direction of the electric field E seen
by the observer? (You need consider only the
part of the total electric field which is dominant
at exactly that time.) Justify your answer.
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MIDTERM EXAMINATION

Directions: Do all three problems, which have unequal weight. This is a closed-book closed-note
exam except for one 81

2 × 11 inch sheet containing any information you wish on both sides. Calcu-
lators are not needed, but you may use one if you wish. Use a bluebook. Do not use scratch paper
– otherwise you risk losing part credit. Cross out rather than erase any work that you wish the
grader to ignore. Justify what you do. Express your answer in terms of the quantities specified in
the problem. Box or circle your answer.

Problem 1. (35 points) A parallel-strip trans-
mission line consists of two perfectly conducting
long flat thin metal strips of width D and vac-
uum separation d � D extending a long distance
in the ẑ direction. Take x̂ to be normal to the
strips, and define x = y = 0 at the midpoint of
the gap. Consider the propagation in the gap of
electromagnetic waves of angular frequency ω in
the TEM mode (Ez = Bz = 0). Take

E(r, t) = Re
(
Ẽ(x, y)ei(κz−ωt)

)

B(r, t) = Re
(
B̃(x, y)ei(κz−ωt)

)
,

where κ ≡ ω/c. Then, in vacuum, the relevant
Maxwell equations reduce to

0 =
∂Ẽx

∂x
+

∂Ẽy

∂y

0 =
∂Ẽy

∂x
− ∂Ẽx

∂y

cB̃y = Ẽx

−cB̃x = Ẽy .

(a) (10 points) Show that Ẽ can be written as

Ẽ(x,y) = −∇tΦ̃(x, y) ,

where
∇2

t Φ̃ = 0

and
∇t ≡ x̂

∂

∂x
+ ŷ

∂

∂y
.

If you don’t manage to show this, you neverthe-
less should assume this result in the later parts.
(b) (10 points) Assume that

Φ̃ = +Φ0/2

on the top plate, and

Φ̃ = −Φ0/2

on the bottom plate, where Φ0 is a real constant.
Neglecting the small region near the edges, cal-
culate the real physical fields E(r, t) and B(r, t)
in the gap between the plates, in terms of Φ0.
(c) (15 points) Find the characteristic impedance
Z of this transmission line. Evaluate Z in ohms
for the case D = 100d.
[Hint: One way to do this is to take Z to be the
ratio of Φ0 to the maximum current flowing on
the inner surface of either plate. Assume that
this current is distributed uniformly in y. An-
other way is to take Z to be

√
L/C, where L

and C are the inductance and capacitance per
unit length of the transmission line, and

√
1/LC

is the phase velocity of the wave.]

Problem 2. (40 points) “Surface” muon beams
are important tools for investigating the prop-
erties of condensed matter samples as well as
fundamental particles. Protons from a cyclotron
produce π+ mesons (quark-antiquark pairs) that
come to rest near the surface of a solid tar-
get. The pion then decays isotropically to an
(anti)muon (µ+) and a neutrino (ν) via

π+ → µ+ + ν .

Some of the muons can be captured by a beam
channel and transported in vacuum to an exper-
iment. In the limit that the mother pion decays



at the surface of the target (so that the daughter
muon traverses negligible material), the beam
muons have uniform speed (and, as it turns out,
100% polarization as well). For the purposes of
this problem, consider a muon to have 3/4 of the
rest mass of a pion; neglect the neutrino mass.
(a) (15 points) Show that the surface muons
travel at a speed which is a fraction β0 = 0.28 of
the speed of light.
(b) (15 points) A good method for capturing and
transporting surface muons is to place the muon
production target on the axis of a solenoidal
magnet with uniform field B; this axis defines
the beam direction. Muons (of charge e and
rest mass m) that are emitted close to the axial
direction are captured and transported by the
solenoid. In terms of β0 and other constants,
over what path length L does a surface muon
travel before it returns to the solenoid axis?
(c) (10 points) If a muon’s mean proper lifetime
is τ , what fraction of the muons will decay be-
fore they return to the solenoid axis? (Just in
case you didn’t get part (a) or (b) quite right,
please leave your answer in terms of β0 and L.)

Problem 3. (25 points) Consider the interac-
tion of an electron of charge −e and mass m
with an (externally produced) electromagnetic
field described by the four-potential Aµ. The
interaction Lagrangian Lint in this case is

Lint = − e

γm
pµAµ ,

where pµ is the particle’s four-momentum. Con-
sider the canonical momentum

Pµ ≡ pµ − eAµ .

If one applies the Euler-Lagrange equations to
Lint, one discovers that if all four components of
Aµ are independent of any spatial coordinate xi,
then P i, the ith component of Pµ, is conserved.

While these facts may seem like theoretical
niceties, they can be of practical use. Con-
sider a capacitor whose parallel plates lie in the
xy plane. The inside of the bottom plate is at
z = 0 and the inside of the top plate is at z = d.
The bottom plate is grounded, and a positive

voltage V0 is applied to the top plate. The whole
setup is bathed in a uniform magnetic field

B = ŷB0 ,

which can be derived from a vector potential

A = x̂B0z .

An electron is emitted from the bottom plate in
the z direction with negligible velocity. It is ac-
celerated in the z direction toward the top plate
by the electric field in the gap; however, as the
electron gains velocity, the Lorentz force from
the magnetic field bends it toward the x direc-
tion. The resulting motion is complicated.
(a) (15 points) Show that the x component of
the electron’s momentum varies only as a func-
tion of its altitude z, and find the dependence.
(b) (10 points) For simplicity assuming that the
electron is nonrelativistic, and taking B0 to be
fixed, find the minimum value of the applied
voltage V0 such that the electron makes it all the
way up to the top plate.

[The above describes an oversimplified version of
the static magnetron tube, which generated the
radar signals that won the Battle of Britain.]
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SOLUTION TO MIDTERM EXAMINATION

Directions: Do all three problems, which have unequal weight. This is a closed-book closed-note
exam except for one 81

2 × 11 inch sheet containing any information you wish on both sides. Calcu-
lators are not needed, but you may use one if you wish. Use a bluebook. Do not use scratch paper
– otherwise you risk losing part credit. Cross out rather than erase any work that you wish the
grader to ignore. Justify what you do. Express your answer in terms of the quantities specified in
the problem. Box or circle your answer.

Problem 1. (35 points) A parallel-strip trans-
mission line consists of two perfectly conducting
long flat thin metal strips of width D and vac-
uum separation d� D extending a long distance
in the ẑ direction. Take x̂ to be normal to the
strips, and define x = y = 0 at the midpoint of
the gap. Consider the propagation in the gap of
electromagnetic waves of angular frequency ω in
the TEM mode (Ez = Bz = 0). Take

E(r, t) = Re
(
Ẽ(x, y)ei(κz−ωt)

)
B(r, t) = Re

(
B̃(x, y)ei(κz−ωt)

)
,

where κ ≡ ω/c. Then, in vacuum, the relevant
Maxwell equations reduce to

0 =
∂Ẽx

∂x
+
∂Ẽy

∂y

0 =
∂Ẽy

∂x
− ∂Ẽx

∂y

cB̃y = Ẽx

−cB̃x = Ẽy .

(a) (10 points) Show that Ẽ can be written as

Ẽ(x,y) = −∇tΦ̃(x, y) ,

where
∇2

t Φ̃ = 0

and
∇t ≡ x̂

∂

∂x
+ ŷ

∂

∂y
.

If you don’t manage to show this, you never-
theless should assume this result in the later
parts.

Solution:

∇× Ẽ =
∂Ẽy

∂x
− ∂Ẽx

∂y
= 0

⇒ Ẽ = −∇Φ̃ = −∇tΦ̃

0 =
∂Ẽx

∂x
+
∂Ẽy

∂y

= ∇t · Ẽ
= ∇t · (−∇tΦ̃)

= −∇2
t Φ̃ .

(b) (10 points) Assume that

Φ̃ = +Φ0/2

on the top plate, and

Φ̃ = −Φ0/2

on the bottom plate, where Φ0 is a real constant.
Neglecting the small region near the edges, cal-
culate the real physical fields E(r, t) and B(r, t)
in the gap between the plates, in terms of Φ0.
Solution:
The solution Φ̃ to Laplace’s equation is unique,
given the boundary conditions:

Φ̃ = Φ0
x

d
.

Therefore

Ẽ = −x̂Φ0

d

E = −x̂Φ0

d
cos (κz − ωt)

cB = −ŷΦ0

d
cos (κz − ωt) .



(c) (15 points) Find the characteristic impedance
Z of this transmission line. Evaluate Z in ohms
for the case D = 100d.
[Hint: One way to do this is to take Z to be the
ratio of Φ0 to the maximum current flowing on
the inner surface of either plate. Assume that
this current is distributed uniformly in y. An-
other way is to take Z to be

√
L/C, where L

and C are the inductance and capacitance per
unit length of the transmission line, and

√
1/LC

is the phase velocity of the wave.]
Solution:
Method 1:
There are no time-varying fields within the per-
fect conductors. Therefore, across the inner
boundary of either conductor, from Ampère’s
law, ignoring directions and signs,

∆B = µ0K

Bmax = µ0Kmax ,

where Kmax is the maximum surface current
density (amperes/m). The impedance is

Z =
Φ0

KmaxD

=
µ0Φ0

BmaxD

=
cµ0Φ0

EmaxD

=
cµ0Φ0d

Φ0D

=
√
µ0

ε0

d

D

= 3.77 Ω .

Method 2:

vph =
1√
ε0µ0

=
1√
LC

L =
ε0µ0

C

C =
ε0D

d

Z =

√
L

C
=

√
ε0µ0

C2

=

√
ε0µ0d2

ε20D
2

=
√
µ0

ε0

d

D

= 3.77 Ω .

Problem 2. (40 points) “Surface” muon beams
are important tools for investigating the prop-
erties of condensed matter samples as well as
fundamental particles. Protons from a cyclotron
produce π+ mesons (quark-antiquark pairs) that
come to rest near the surface of a solid tar-
get. The pion then decays isotropically to an
(anti)muon (µ+) and a neutrino (ν) via

π+ → µ+ + ν .

Some of the muons can be captured by a beam
channel and transported in vacuum to an exper-
iment. In the limit that the mother pion decays
at the surface of the target (so that the daughter
muon traverses negligible material), the beam
muons have uniform speed (and, as it turns out,
100% polarization as well). For the purposes of
this problem, consider a muon to have 3/4 of the
rest mass of a pion; neglect the neutrino mass.
(a) (15 points) Show that the surface muons
travel at a speed which is a fraction β0 = 0.28 of
the speed of light.
Solution:
Let µ, π, and ν be the four-momenta of the
muon, pion, and neutrino, respectively, with
units such that c = 1. Enforcing energy-



momentum conservation,

π = µ+ ν

ν = π − µ

ν · ν = (π − µ) · (π − µ)
0 = π · π + µ · µ− 2π · µ
0 = m2

π +m2
µ − 2mπEµ

Eµ =
m2

π +m2
µ

2mπ
.

Similarly, permuting the same equation, and us-
ing Eν = pν = pµ,

µ = π − ν

µ · µ = (π − ν) · (π − ν)

m2
µ = π · π + ν · ν − 2π · ν
= m2

π + 0− 2mπEν

= m2
π − 2mπpµ

pµ =
m2

π −m2
µ

2mπ
.

Taking the ratio of these two results

β0 =
pµ

Eµ

=
m2

π −m2
µ

m2
π +m2

µ

=
16
9 − 1
16
9 + 1

=
7
25
= 0.28 .

(b) (15 points) A good method for capturing and
transporting surface muons is to place the muon
production target on the axis of a solenoidal
magnet with uniform field B; this axis defines
the beam direction. Muons (of charge e and
rest mass m) that are emitted close to the axial
direction are captured and transported by the
solenoid. In terms of β0 and other constants,
over what path length L does a surface muon
travel before it returns to the solenoid axis?
Solution:
The motion is helical with angular frequency
equal to the (relativistic) cyclotron frequency.

Working in the lab,

Ωcyclotron =
eB

γm

=
eB

√
1− β2

0

m

T =
2π

Ωcyclotron

=
2πm

eB
√
1− β2

0

L = β0cT

=
2πmβ0c

eB
√
1− β2

0

.

(c) (10 points) If a muon’s mean proper lifetime
is τ , what fraction of the muons will decay be-
fore they return to the solenoid axis? (If you are
concerned that you didn’t get part (a) or (b)
quite right, you may leave your answer in terms
of β0 and L.)
Solution:
In the lab, the time interval before the muon re-
turns to the solenoid axis is T = L/(β0c) (above).
In the proper (rest) frame of the muon, the same
interval is T ′ = T/γ0. If the mean life is τ , the
survival probability at time T ′ is exp (−T ′/τ).
Therefore the fraction F of muons that fail to
survive before returning to the solenoid axis is

F = 1− exp (−T ′/τ)

= 1− exp (−T/(γ0τ)
)

= 1− exp
(
− L

cτ

√
1− β2

0

β0

)
.

The above is an acceptable solution. Expressed
in terms of the answer to (b), it is

F = 1− exp
(
−2πm
eBτ

)
,

independent of β0.

Problem 3. (25 points) Consider the interac-
tion of an electron of charge −e and mass m
with an (externally produced) electromagnetic
field described by the four-potential Aµ. The
interaction Lagrangian Lint in this case is

Lint = − e

γm
pµA

µ ,



where pµ is the particle’s four-momentum. Con-
sider the canonical momentum

Pµ ≡ pµ − eAµ .

If one applies the Euler-Lagrange equations to
Lint, one discovers that if all four components of
Aµ are independent of any spatial coordinate xi,
then P i, the ith component of Pµ, is conserved.

While these facts may seem like theoretical
niceties, they can be of practical use. Con-
sider a capacitor whose parallel plates lie in the
xy plane. The inside of the bottom plate is at
z = 0 and the inside of the top plate is at z = d.
The bottom plate is grounded, and a positive
voltage V0 is applied to the top plate. The whole
setup is bathed in a uniform magnetic field

B = ŷB0 ,

which can be derived from a vector potential

A = x̂B0z .

An electron is emitted from the bottom plate in
the z direction with negligible velocity. It is ac-
celerated in the z direction toward the top plate
by the electric field in the gap; however, as the
electron gains velocity, the Lorentz force from
the magnetic field bends it toward the x direc-
tion. The resulting motion is complicated.
(a) (15 points) Show that the x component of
the electron’s momentum varies only as a func-
tion of its altitude z, and find the dependence.
Solution:
The components of Aµ are

A0 =
V

c
=
V0z

cd
A = x̂B0z .

Each component of Aµ is independent of both x
and y. Therefore, both the x and y components
of Pµ are conserved. Since A has no y com-
ponent, conservation of the y component of Pµ

merely confirms that the electron moves in the
xz plane, which we could have deduced from the
Lorentz force law. In the x direction,

px − eAx =
(
px(z = 0)− eAx(z = 0)

)
= 0− 0

px = eAx

= eB0z .

(b) (10 points) For simplicity assuming that the
electron is nonrelativistic, and taking B0 to be
fixed, find the minimum value of the applied
voltage V0 such that the electron makes it all the
way up to the top plate.

[The above describes an oversimplified version of
the static magnetron tube, which generated the
radar signals that won the Battle of Britain.]

Solution:
If the electron barely grazes the top plate, it will
be travelling parallel to it, or entirely in the x
direction. Since the magnetic field does no work,
the electron’s kinetic energy at that point will be
equal to its loss of potential energy eV0. Using
the result from part (a),

eV0 =
p2

x

2m

V0 =
e2B2

0d
2

2me

=
eB2

0d
2

2m
.



University of California, Berkeley
Physics 110B Spring 1997 (Strovink)

FINAL EXAMINATION

Directions. Do all seven problems, which have unequal weight. This is a closed-book closed-note
exam except for two 8 1

2 × 11 inch sheets containing any information you wish on both sides. Cal-
culators are not needed. Use a bluebook. Do not use scratch paper – otherwise you risk losing part
credit. Cross out rather than erase any work that you wish the grader to ignore. You must justify
what you do or say. Express your answer in terms of the quantities specified in the problem. Box or
circle your answer. Remember that when you are asked for the value of a vector quantity, you must
supply both the magnitude and direction.

1. (20 points)
Write down the (real) electric and magnetic fields
for a monochromatic plane wave in vacuum of
amplitude E0, angular frequency ω, and phase
angle 0 (relative to a cosine). Do it for two cases:
the wave is

(a) (10 points) traveling in the negative-x direc-
tion and polarized in the z direction;

(b) (10 points) traveling in the direction from
the origin to the point (1,1,0), with polarization
perpendicular to the x axis.

2. (10 points)
Consider a spherical pulsating bubble with con-
stant total charge Q uniformly distributed on
the surface, and with time-dependent radius
r(t) = a(1 + ε cosωt), where a, ε, and ω are con-
stants. Find the total power P that is radiated.

3. (35 points)
A particle with charge e moves with speed βc
around a circle of radius b centered at the origin.
The circle is in the plane z = 0. The motion is
ultrarelativistic, i.e. (1− β2)−1/2 � 1.

Liénard’s equation for the Poynting vector Sa

arising from acceleration of a point particle is

Sa = (
e

4πε0
)2

ε0
c

{ R̂
R2

[R̂× [(R̂− �β)× �̇
β]

(1− R̂ · �β)3
]2}

ret
.

Here �βc is the particle’s velocity, �̇
βc is its ac-

celeration, r is a vector from the origin to the
observer, r′ is a vector from the origin to the
particle, R = r − r′, and the subscript “ret”

means that quantities are to be evaluated at
time t − R/c.

(a) (20 points) Calculate the radiated power per
unit area observed at (0, 0, z), where z � b.

(b) (15 points) Is ẑ a direction in which the
power radiated per unit solid angle is near the
maximum for this motion? Explain.

4. (35 points)
Write down the Fraunhofer diffraction pattern
I(θ)/I(θ = 0) for monochromatic light of wave-
length λ normally incident on a system of four
thin slits. Two slits are at y = (a ± b)/2, and
two are at y = −(a ± b)/2.



5. (35 points)
A circularly polarized plane wave of wavelength
λ is normally incident on a double thin slit (sep-
aration d). In front of the top slit is placed
a quarter wave plate. Obtain the Fraunhofer
diffraction pattern I(θ)/I(θ = 0). Take the op-
tical thickness of the plate to be such that the
irradiance is largest at θ = 0.

6. (30 points)
Two perfect parallel mirrors enclose a sandwich
consisting of two layers: a dielectric of (real con-
stant) refractive index n between 0 < x < L, and
a region of vacuum between L < x < (n + 1)L
. A plane standing EM wave (the sum of two
traveling waves with opposite directions of prop-
agation) propagates along the mirrors’ normal.
Calculate the wave’s lowest possible angular fre-
quency.

7. (35 points)
A plane wave is normally incident on an opaque
screen in the plane z = 0. The screen blocks
the semi-infinite region x < 0. It also has a
semicircular protrusion of radius R, centered at
x = y = 0. Thus the screen also blocks the

circular region
√

x2 + y2 < R.

An observer is stationed at (0, 0, R2/λ), where λ
is the wavelength. Calculate the ratio

Iscreen/Ino screen

of irradiances seen by the observer with and
without the screen in place.
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FINAL EXAMINATION

Directions. Do all six problems, which have unequal weight. This is a closed-book closed-note exam
except for three 8 1

2 × 11 inch sheets containing any information you wish on both sides. Calculators
are not needed. Use a bluebook. Do not use scratch paper – otherwise you risk losing part credit.
Cross out rather than erase any work that you wish the grader to ignore. You must justify what
you do or say. Express your answer in terms of the quantities specified in the problem. Box or circle
your answer. Remember that when you are asked for the value of a vector quantity, you must supply
both the magnitude and direction.

1. (40 points)
The total power P (t) radiated by an ideal elec-
tric dipole p(t) is given by the Larmor formula

P (t) =
1
4πε0

2|p̈(tret)|2
3c3

,

where tret is the retarded time.

(a) (15 points) Consider a single positive charge
e located at position (x, y, z) = (d, 0, d cosωt),
where d and ω are constants. Approximate
d � λ, where λ is the vacuum wavelength of
the emitted radiation. Working to second order
in the small quantity d/λ, compute the time-
averaged power 〈P 〉 radiated by this charge.

(b) (10 points) How much time-averaged me-
chanical work per unit time 〈dW/dt〉 must be
exerted upon this charge in order to keep it
moving as specified in (a)?

(c) (15 points) A second positive charge e is
added, located at position (−d, 0,−d cosωt).
What is the new time-averaged power 〈P ′〉 radi-
ated by both charges? Continue to work only to
second order in the small quantity d/λ.

2. (35 points)
A plane electromagnetic wave is described by

E(z, t) = Re
(
Ẽ exp

(
i(kz − ωt)

))
,

where

Ẽ = E0

(
(2− i)x̂+ (1− 2i)ŷ)

,

and E0, k, and ω are real constants. A linear
polarizer is placed in the beam, and oriented so
that the largest possible fraction of the original
beam’s irradiance is transmitted. What is that
fraction?

3. (35 points)
A plane wave U0 cos (kz − ωt) is incident nor-
mally on a screen. Fraunhofer conditions apply.
The diffracted wave is observed from z → ∞ at
various angles θ with respect to the z axis.

(a) (15 points) Assume that the screen has three
long parallel slits with equal spacing b and equal
negligible width. Compute the irradiance ratio
I(θ)/I(θ = 0).

(b) (20 points) Instead assume that the screen
has five long parallel slits with equal spacing b.
The slit widths are still negligible; however, they
are a function of the slit location, so that the five
slit areas vary according to the ratio 1:2:3:2:1.
Compute the irradiance ratio I(θ)/I(θ = 0).



4. (20 points)
A Survivor contestant tries to signal a blimp hov-
ering nearly overhead. It is pitch dark, and his
only source of light is an infinitesimal, monochro-
matic, isotropic-light-emitting diode (LED). The
naked LED isn’t quite bright enough to be
seen by his blimp-borne rescuer. Remembering
Physics 110B, the contestant resolves to amplify
the light signal that the rescuer perceives.

(a) (10 points) The contestant stretches a large
opaque plastic sheet over a flat frame and pokes
a small (couple of mm dia) circular hole in it. He
carefully positions the hole directly between the
LED and the blimp, separated from the LED by
a couple of meters. Relative to the naked LED, is
it possible that the irradiance seen by the rescuer
increases? If so, by what maximum factor?

(b) (10 points) Lacking a plastic sheet, the con-
testant disassembles his bicycle hub to obtain a
small (couple of mm dia) blackened steel ball.
Using a spiderweb thread, he carefully hangs the
ball directly between the LED and the blimp,
separated from the LED by a couple of meters.
Relative to the naked LED, is it possible that
the irradiance seen by the rescuer increases? If
so, by what maximum factor?

5. (35 points)
In the Drüde model for electromagnetic wave
propagation in a dilute material medium, elec-
trons (of mass m and charge −e) satisfy the
equation of motion

mẍ = −γmẋ − kx − eEx ,

where γ is an effective damping constant, k is an
effective spring constant, and Ex is an electric
field component.

Working at a particular angular frequency ω,
and defining the complex electric field Ẽx and
complex current density J̃x through

Ex ≡ Re(Ẽx exp (−iωt)
)

Jx ≡ Re(J̃x exp (−iωt)
)

,

one can then define the complex conductivity σ̃
through

J̃x ≡ σ̃Ẽx .

In a medium having N electrons/m3 that are so
weakly bound that k is negligible, use the above
information to derive the complex conductivity
σ̃ as a function of angular frequency ω.
[Hint: Define x ≡ Re(x̃ exp (−iωt)

)
.]

6. (35 points)
A point charge e travelling on the z axis has
position

r(t) = +ẑβct (t < 0)
= −ẑβct (t > 0) ,

where β is a positive constant that is not � 1.
That is, the charge reverses direction instanta-
neously at t = 0, while it is at the origin. The
fields that the charge produces are viewed by an
observer at (x, 0, 0), where x > 0.

(a) (20 points) What magnetic field B does the
observer see at t = 0?

(b) (15 points) At time t such that ct = x (ex-
actly!), what is the direction of the electric field
E seen by the observer? (You need consider only
the part of the total electric field which is domi-
nant at exactly that time.) Justify your answer.
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SOLUTION TO FINAL EXAMINATION

Directions. Do all six problems, which have unequal weight. This is a closed-book closed-note exam
except for three 8 1

2 × 11 inch sheets containing any information you wish on both sides. Calculators
are not needed. Use a bluebook. Do not use scratch paper – otherwise you risk losing part credit.
Cross out rather than erase any work that you wish the grader to ignore. You must justify what
you do or say. Express your answer in terms of the quantities specified in the problem. Box or circle
your answer. Remember that when you are asked for the value of a vector quantity, you must supply
both the magnitude and direction.

1. (40 points)
The total power P (t) radiated by an ideal elec-
tric dipole p(t) is given by the Larmor formula

P (t) =
1
4πε0

2|p̈(tret)|2
3c3

,

where tret is the retarded time.

(a) (15 points) Consider a single positive charge
e located at position (x, y, z) = (d, 0, d cosωt),
where d and ω are constants. Approximate
d � λ, where λ is the vacuum wavelength of
the emitted radiation. Working to second order
in the small quantity d/λ, compute the time-
averaged power 〈P 〉 radiated by this charge.
Solution:
Applying the Larmor formula to an electric
dipole

P =
1
4πε0

2|p̈(tret)|2
3c3

=
1
4πε0

2e2d2ω4 cos2 ωtret
3c3

〈P 〉 = 1
4πε0

e2d2ω4

3c3
.

(b) (10 points) How much time-averaged me-
chanical work per unit time 〈dW/dt〉 must be
exerted upon this charge in order to keep it mov-
ing as specified in (a)?
Solution:
The mechanical work done on the charge per
unit time would need to supply the power that
it radiates. Thus

〈dW/dt〉 = 〈P 〉 = 1
4πε0

e2d2ω4

3c3
.

This answer may also be obtained by considering
the radiation reaction force on the charge.

(c) (15 points) A second positive charge e is
added, located at position (−d, 0,−d cosωt).
What is the new time-averaged power 〈P ′〉 radi-
ated by both charges? Continue to work only to
second order in the small quantity d/λ.
Solution:
The second charge is located on the opposite
side of the origin with respect to the first charge.
Thus it cancels the electric dipole moment due
to the first charge. Higher-order multipole ra-
diation may remain, but such contributions will
be raised to higher powers of d/λ. Therefore, to
the same order in d/λ, 〈P ′〉 vanishes.

2. (35 points)
A plane electromagnetic wave is described by

E(z, t) = Re
(
Ẽ exp

(
i(kz − ωt))) ,

where

Ẽ = E0

(
(2− i)x̂+ (1− 2i)ŷ)

,

and E0, k, and ω are real constants. A linear
polarizer is placed in the beam, and oriented so
that the largest possible fraction of the original
beam’s irradiance is transmitted. What is that
fraction?

1



Solution
The beam is described by the (unnormalized)
Jones vector

J ≡
(
2− i
1− 2i

)
.

A linear polarizer with transmission axis oriented
along the x̂ direction has the Jones matrix

M(0) ≡
(
1 0
0 0

)
.

If the polarizer’s transmission axis is oriented at
angle φ with respect to the x̂ direction, it is
represented by the Jones matrix

M(φ) = R−1M(0)R

=
(

cos2 φ sinφ cosφ
sinφ cosφ sin2 φ

)
,

where the two-dimensional rotation matrix is

R ≡
(
cosφ sinφ
− sinφ cosφ

)
.

Before the polarizer, the beam irradiance I is
proportional to

I ∝ J†J

= ( 2 + i 1 + 2i )
(
2− i
1− 2i

)

= (4 + 1) + (1 + 4) = 10 .

After the polarizer, the irradiance I ′ is propor-
tional to

I ′ ∝ (MJ)†MJ
= J†(M†M)J .

But M†M = M , as can easily be verified:
M† = M , and adding a second ideal polar-
izer does nothing beyond the effect of the first,
so M2 =M . Thus

I ∝ J†MJ
= ( 2 + i 1 + 2i )×

×
(

cos2 φ sinφ cosφ
sinφ cosφ sin2 φ

) (
2− i
1− 2i

)

= 5 + 8 sinφ cosφ
= 9 (max)

when φ = π/4. Therefore, at maximum, I ′/I =
9/10.

3. (35 points)
A plane wave U0 cos (kz − ωt) is incident nor-
mally on a screen. Fraunhofer conditions apply.
The diffracted wave is observed from z → ∞ at
various angles θ with respect to the z axis.

(a) (15 points) Assume that the screen has three
long parallel slits with equal spacing b and equal
negligible width. Compute the irradiance ratio
I(θ)/I(θ = 0).
Solution:
In analogy to the standard double slit problem,

U(θ) ∝ 1 + eiβ + e−iβ ,

where β = kb sin θ. Therefore

U(θ) ∝ 1 + 2 cosβ
I(θ)
I(0)

=
(1 + 2 cosβ)2

9
.

This result is equivalent to 1
9 sin

2 (3γ)/ sin2 γ,
where γ = β/2.

(b) (20 points) Instead assume that the screen
has five long parallel slits with equal spacing b.
The slit widths are still negligible; however, they
are a function of the slit location, so that the five
slit areas vary according to the ratio 1:2:3:2:1.
Compute the irradiance ratio I(θ)/I(θ = 0).
Solution:
This configuration is equivalent to a triple-
superposition of the triple-slit problem in (a),
with the characteristic spacing of the superpo-
sition equal to the characteristic spacing of the
slit. Therefore it is a convolution of the ar-
rangement in (a) with itself. Under Fraunhofer
conditions, the image is a Fourier transform of
the aperture function, and the Fourier transform
of a convolution is the product of the individual
Fourier transforms. Therefore

I(θ)
I(0)

=
(1 + 2 cosβ)4

81
.

2



This answer may also be obtained by the brute
force methods of (a).

4. (20 points)
A Survivor contestant tries to signal a blimp hov-
ering nearly overhead. It is pitch dark, and his
only source of light is an infinitesimal, monochro-
matic, isotropic-light-emitting diode (LED). The
naked LED isn’t quite bright enough to be
seen by his blimp-borne rescuer. Remembering
Physics 110B, the contestant resolves to amplify
the light signal that the rescuer perceives.

(a) (10 points) The contestant stretches a large
opaque plastic sheet over a flat frame and pokes
a small (couple of mm dia) circular hole in it. He
carefully positions the hole directly between the
LED and the blimp, separated from the LED by
a couple of meters. Relative to the naked LED, is
it possible that the irradiance seen by the rescuer
increases? If so, by what maximum factor?
Solution:
The hole could consist of an odd number of
Fresnel zones (one zone would be convenient,
given the rough dimensions), in which case the
irradiance seen by the rescuer would be boosted
by a factor of ≈ 4.
(b) (10 points) Lacking a plastic sheet, the con-
testant disassembles his bicycle hub to obtain a
small (couple of mm dia) blackened steel ball.
Using a spiderweb thread, he carefully hangs the
ball directly between the LED and the blimp,
separated from the LED by a couple of meters.
Relative to the naked LED, is it possible that
the irradiance seen by the rescuer increases? If
so, by what maximum factor?
Solution:
Using the edge of the ball (as opposed to R = 0)
as the beginning of the first Fresnel zone, and
adding up the contributions of the zones, the
irradiance seen by the rescuer would be approx-
imately the same as if the ball were removed.
Therefore the irradiance seen by the rescuer
would not increase.
This result can also be obtained by use of Babi-
net’s argument.

5. (35 points)
In the Drüde model for electromagnetic wave

propagation in a dilute material medium, elec-
trons (of mass m and charge −e) satisfy the
equation of motion

mẍ = −γmẋ− kx− eEx ,

where γ is an effective damping constant, k is an
effective spring constant, and Ex is an electric
field component.

Working at a particular angular frequency ω,
and defining the complex electric field Ẽx and
complex current density J̃x through

Ex ≡ Re(Ẽx exp (−iωt)
)

Jx ≡ Re(J̃x exp (−iωt)
)
,

one can then define the complex conductivity σ̃
through

J̃x ≡ σ̃Ẽx .

In a medium having N electrons/m3 that are so
weakly bound that k is negligible, use the above
information to derive the complex conductivity
σ̃ as a function of angular frequency ω.
[Hint: Define x ≡ Re(x̃ exp (−iωt)).]
Solution:
Substituting

x ≡ Re(x̃ exp (−iωt)) ,
in the equation of motion, and neglecting k with
respect to γmω in view of the negligibly weak
binding, we obtain

−mω2x̃ = iγmωx̃− eẼx

x̃ =
eẼx/m

ω2 + iγω
.

Solving for J̃x,

Jx = −eNẋ
⇒ J̃x = iωeNx̃

=
iωNe2Ẽx/m

ω2 + iγω

σ̃ ≡ J̃x

Ẽx

=
Ne2/m

γ − iω .

3



6. (35 points)
A point charge e travelling on the z axis has
position

r(t) = +ẑβct (t < 0)
= −ẑβct (t > 0) ,

where β is a positive constant that is not � 1.
That is, the charge reverses direction instanta-
neously at t = 0, while it is at the origin. The
fields that the charge produces are viewed by an
observer at (x, 0, 0), where x > 0.

(a) (20 points) What magnetic field B does the
observer see at t = 0?
Solution:
At t = 0, the magnetic field observed at (x, 0, 0)
was produced by the charge when it was at tret <
0, when it was still moving in the positive z di-
rection. Therefore this is the field of a uniformly
moving charge. To evaluate it, we first obtain
the field in a (primed) coordinate system with its
origin attached to the charge. In the primed sys-
tem, the observer is located at the coordinates
(x′, y′, z′) = (x, 0, γz − γβct) = (x, 0, 0). There
the (purely electrostatic) field is given by

E′ = x̂
e

4πε0x2
.

In the lab frame, using the Lorentz transforma-
tion for electromagnetic fields, the magnetic field
is given by

B‖ = B′
‖ = 0

cB⊥ = γcB′
⊥ + γ$β ×E′

⊥

= 0 + γβ
e

4πε0x2
ẑ× x̂

B⊥ =
γβ

c

e

4πε0x2
ŷ .

At this observation point the ŷ direction is the
same as the φ direction, as one expects.

This answer may also be obtained by using
the standard expressions for the electromag-
netic field of a uniformly moving point charge,
e.g. Griffiths 10.68-10.69.

(b) (15 points) At time t such that ct = x (ex-
actly!), what is the direction of the electric field
E seen by the observer? (You need consider only

the part of the total electric field which is domi-
nant at exactly that time.) Justify your answer.
Solution:
At t = x/c, the retarded time is tret = 0. So
the fields seen by the observer are the fields of
a charge that is reversing the direction of its
velocity (with infinite acceleration in this case).
Therefore the fields at this time are dominated
by the acceleration fields. For a charge accelerat-
ing along ẑ, E is in the θ̂ direction, or −ẑ for this
observer. However, in this problem the charge
accelerates in the −ẑ direction, so E is along +ẑ.

4
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